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Abstract

It is argued that setting one over zero to the upthorn symbol, elsewhere
used to denote bottom, as is done in common meadows, is conceptu-
ally meaningful for elementary mathematics. We consider the arguments
in its favour, for the restricted context of use in elementary arithmetic,
to be stronger than arguments supporting one over zero equals zero, as
in Suppes-Ono division and variants of it sometimes used in the model
theory of fields as a branch of mathematical logic, or one over zero as
an unsigned infinity, as proposed by Riemann and used in the design of
wheel arithmetic, or one over zero as positive infinity, as in transrational
arithmetic.

1 Introduction

In the work on common meadows (e.g. [14, 15, 17, 18]) we make use of an
additional value, symbolised with ⊥, which names a peripheral number,
that is, a number outside any conventional collection of numbers. The
symbol ⊥ is used to turn division into a total function, called common
division, by adopting 1

0
= ⊥, and more generally x

0
= ⊥ for all x.

Originally, the same peripheral number was denoted by the letter “a”
in [12, 13] in order to avoid a premature import of computer science ter-
minology into a subject which belongs rather to logic and mathematics.
That convention has also been adopted in [20, 21]. However, in the follow-
up work, we have used ⊥ because this notation is more easily appreciated
and recognized in a computer science setting. In addition we refer to ⊥
as an error, error symbol, or error element.

Alternatively, one might consider⊥ to denote a failure, or an indication
of failure rather than an error. We will argue why we prefer error over
failure as a description of what the semantic idea of ⊥ is supposed to
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deliver. To begin with, we prefer not to refer to ⊥ as “bottom” in an
information-theoretic sense, for the simple reason that a claim that 1

x
= ⊥

is not at all uninformative about x. For that reason we hesitate to use
“bottom” as a verbal reference to ⊥ is the same way as “zero” is used as
a reference to 0 and “one” is used as a word for 1. When we must name
the symbol ⊥, we call it by its typographical name, “upthorn.”

In order to argue that ⊥ represents error rather than failure we need
conceptual clarity about the notions error and failure. We will borrow
such clarity from software theory.

2 Failures, errors, faults, mistakes, and
defects in computing

We made a rather detailed investigation of the notions of error, fault,
failure and defect in the context of computer programming in various
papers ([7, 8, 9, 10, 11]). In this work we have developed in more detail the
classical conceptual framework, of [5, 6] making use of older work in [22]
and recent work in [23]. We are convinced that said framework which has
a focus on the contrast between failure and fault, is still very useful and
up to date and that it admits ample expansion into further themes both
in computer programming and outside computer programming. For the
purposes of the current paper we adopt the following explanation of the
key notions:

(i) A failure is an event in which a system behaves otherwise than
expected on the basis of its specification;

(ii) A fault is a fragment of system design which may be considered
the (or a) cause of the occurrence of a failure (where the notion of cause
is linked to the possibility to repair the system by changing the fragment
at hand into a similar but better fragment which will make the failure
disappear, preferably without introducing new failures);

(iii) A mistake is a designer action which causes a fault;
(iv) An error, or rather error condition, is a state in the processing of a

system which indicates (predicts) that a failure is (or may well be) forth-
coming. However, an error may also arise if a system is tasked with inputs
outside its domain (as specified), in which case, simply by definition, no
failure can arise.

(v) A system is defective if it is somehow wrong while the detailed
notions of fault, failure, and error, do not capture (that is fail to capture)
the problem. Defectiveness is a notion which goes beyond the framework
of specification and implementation and which resists a technical definition
(we refer to see [11] for more detail). Changing requirements can render
an adequate (that is, non-defective) system defective.

3 A mathematical task

We suppose that a group G of A persons intends to pay the cost of an
activity involving two components e C1 and e C2. We will ignore the
currency sign, e, below.
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Moreover we assume that a subset S of said group G, with B persons
in it, with B < A, will not make any payment and the others, that is the
members of G − S, will share the amount due on equal terms. So how
much will the members of G− S pay? That amount will be called X.

We find, as a possible solution, the following text/explanation/story:
S1 = let C = C1 + C2; let N = A−B; now X = C

N
.

Another solution might be:
S2 = let C = C1 + C2; let N = A−A; now X = C

N
.

Suppose C1 = C2 = 100, A = 5, B = 3 then all works well with S1:
we find X = 200

2
= 100. However, with S2 we find X = 200

0
= ⊥. We no-

tice that the appearance in S2 of ⊥ constitutes an error, which at the same
time constitutes a wrong answer, that is a failure (as the valid response,
100, is not being delivered).

We now notice that the fragment “N = A−A” of S2 is faulty, that is,
it serves as the location of a fault: indeed an improved text can be made
by changing that particular of S2 fragment into “N = A − B”. That
state of affairs suffices to characterize the fragment “N = A − A” as a
fault, or as containing a fault. Perhaps a rather trivial mistake (typo)
was the cause of the fault, but the fault may also have been caused by a
misunderstanding (that is a less trivial form of mistake) by the agent in
charge of solving the problem.

Now we consider solution S1 and we determine the result with A =
B = 5. We find X = 200

5−5
= 200

0
= ⊥. Again an error appears, but this

time the error is not indicative of the presence of a failure (of S1) as the
task (as solved by S1) was performed outside the domain as given in the
specification of the problem where B < A is required. We find that the
presence of an error is not always an indication of the presence of a fault,
as it may equally well be indicative of wrong usage.

Finally we add the information that C1 ≥ C2 and the constraint
that no-one should pay more than C1. We consider the case that C1 =
100, C2 = 10, A = 6, and B = 5 and we find that S1 yields C = 110 which
is a problematic result (a failure) in the sense that 110 > C1. However,
in this case there is no visible error, and there is also no fault in the text
S1, simply because the specification is inconsistent, and no conceivable
modification (local or not) of S1 will turn it into a correct solution of the
problem at hand.

3.1 Appreciation of the example: ⊥ is conceptu-
ally helpful

We hold that the very fact that errors need not come with failures, though
failures often (but not always) come with errors, provides ample justifi-
cation for using a mathematical notation and style of presentation which
can be explicit about errors. First of all we notice that quite often ade-
quate solutions may run into an erroneous situation when applied outside
the intended domain. By making use of ⊥, for instance when dividing
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by zero, or upon taking a logarithm of 0 or of a negative number, that
mathematical notation incorporates the phenomenon of an error in an ex-
plicit manner and thereby enables a more precise conceptual grasp of the
mechanisms of failure, error and fault than otherwise would be possible
without having ⊥ available.

The example given above also illustrates why we suggest to consider
⊥ as a representation of error rather than as a representation of failure.

3.2 Comparison with alternative approaches to
dividing by zero

Other options for dealing with division by zero have ample application in
computing. What we call Suppes-Ono division, adopting 1

0
= 0, appears

in proof checking systems where it simplifies the type system at hand.
Adopting 1

0
= +∞, as in the transrationals and transreals of [1] mod-

els widespread conventions in floating point arithmetic. We will refer to
adopting 1

0
= +∞ together with 1

+∞ = 0 as transmath division.
Although both approaches (Suppes-Ono division and transmath divi-

sion) have merits in particular contexts, we feel that using 1
0
= ⊥ has

as an important advantage, not shared by the other two options, that it
comes with an intuitive understanding of fault versus failure and error,
and the fundamental role of specifications in these matters.

We also think that the intuition that there is something wrong with
division by zero is of critical importance, and introducing ⊥ upon con-
frontation with division by zero makes best use of the options to introduce
an explicit error symbol in informal mathematics, an option which is not
made use of when either adopting 1

0
= 0 or 1

0
= +∞.

4 Surveying options for dealing with di-
vision by zero

The various options for dealing with division by zero are listed, admittedly
in an arbitrary order.

1. Suppes-Ono division: 1
0
= 0. This option has the major advantage

that no peripheral elements are introduced, which explains its use
in proof checking systems.

The metamathematics for Suppes-Ono division is quite attractive,
and adopting the convention that 1

0
= 0 works quite well in cer-

tain applications. The latter advantages, however, lack a systematic
background, and, in our view, do not constitute strong arguments in
favour of Suppes-Ono division. From a conceptual point of view we
see three disadvantages: (i) the argument made above that adopt-
ing 1

0
= 0 deviates too far from the conventional intuition that there

is something wrong with dividing by zero, (ii) the argument made
above that upon adopting 1

0
= 0 a useful opportunity is missed for

introducing explicit error values in informal mathematics, and (iii)
the fact that fracterm flattening fails in case of Suppes-Ono division
(while it works with common division).

4



2. Adopting, say 1
0
= 87, just in order to simplify a type system, while

making sure that no valid result produces 87, or working with 1
0
= 1

(or in fact 1
0
= 0), works the same. This approach to division by zero

has the same weaknesses as were listed above for 1
0
= 0 augmented

with the additional disadvantage that 87 is obviously an arbitrary
choice. Perhaps the latter objection may be considered to be an
advantage rather than a disadvantage as working with Suppes-Ono
division suggests that adopting 0 as the value of 1

0
is a deliberate

(that is non-arbitrary) choice, coming with helpful merits, a sugges-
tion for which only limited evidence can be found.

3. Adopting 1
0
= ∞, an unsigned “infinite” peripheral value (see [19]).

This idea is clear but its potential for application in computing seems
to be marginal at best. Like for Suppes-Ono division, fracterm flat-
tening fails in this case (see [4]).

4. Adopting 1
0
= +∞, a signed “infinite” peripheral value. This idea,

as incorporated in transrationals and transreals, is certainly work-
able and it provides a reasonable model of various approaches to
floating point arithmetic. As with the use of an unsigned infinite
value fracterm flattening fails (see [4]). We believe that for elemen-
tary mathematics the disadvantages as mentioned for Suppes-Ono
division are present for the assumption 1

0
= +∞ as well.

5. Adopting 1
0
= +∞, a signed “infinite” peripheral value which has as

its inverse a signed infinitesimal value. This approach, which bor-
rows from the symmetric transrationals of [16] is workable, though
it does not model any current practical designs (like floating point
standards). There are options for application in particular circum-
stances, but we do not see see any grounds for adopting or promoting
symmetric transrationals (or any variation thereof) as a standard so-
lution regarding division by zero for general use outside computing.

6. Adopting common division: 1
0
= +⊥. We expect that this option has

technical merits inside computing as well as additional conceptual
merits outside computing.

7. Adopting the idea that division is a partial function and that 1
0

is undefined. This approach comes close to mathematical practice,
though with a key difference: division is explicitly included in the
signature of the language at hand and for that reason a logic of
partial functions must underly the formalisation of reasoning.

Using the partial division convention one may write, similar to con-
ventions on limit notation:

- “ p
q
is undefined”, or

- “ p
q
has no value”, or

- “ p
q
is nonexistent”.

However, complications arise when considering equalities such as
p
q
= r.

We hold that conventional first order logic is implausible when for-
malising reasoning about partial functions and that using a 3-valued
logic with sequential (and non-commutative) logical connectives is
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most plausible in a context with partial functions. An advantage of
totalising division (as done in the suggestions listed above) lies in
the option to make use of classical 2-valued logic.

8. Adopting the conventional explanation of division notation that, (for
instance when working in the field rational numbers) once it is known
that q is non-zero, one may use the notation p

q
for a number, say r,

with the property that r · q = p.

First of all we notice that this explanation is consistent with each
of the 7 conventions that we have listed listed above, as nothing
is said about what may or may not be done when it is not known
that q ̸= 0. The general understanding of said explanation seems
to be that only when it is known that q ̸= 0 the notation p

q
for a

number, say r, with the property that r ·q = p may be used. Making
reference to available knowledge when explaining which syntax may
be used constitutes a non-trivial detour which raises issues of textual
legality as introduced and discussed in [17]. For instance making an
assessment of the legality of using the division symbol in the sentence
x ̸= 0 → x

x
= 1 in advance of processing its semantic content seems

to be impossible if asserting 0
0

= 1 is considered to be somehow
illegal.

9. The final option is simply not to care about issues concerning di-
vision by zero and to claim, either explicitly or implicitly, that by
working with sound intuitive guidance, preferably based on arith-
metical experience, the assumption that a

b
· b = a always works and

never leads to problems.

5 Fracterms

We adopt the following informal ratio:

fracterm : rational number = Cauchy sequence : real number

Classical analysis can do without a notion (term) the meaning of which
ambiguously fluctuates between Cauchy sequence and real number. We
are interested in developing elementary mathematics as much as possi-
ble in a similar manner, that is without making use of a notion (such
as fraction) the meaning of which ambiguously fluctuates between frac-
tional expression and rational number. Arguments in favour of the use of
“fracterm” have been collected in [3].

In the same way as a Cauchy sequence has a first, second, third, etc.,
element (which a real number does not) a fracterm has a numerator and a
denominator (which a rational number does not). Just as one of the con-
structions of reals (as equivalence classes of Cauchy sequences) abstracts
from differences between various Cauchy sequences as present in a class
of such sequences, a construction of rationals may be based on choosing
a class of fracterms and abstracting from differences between those.
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Comparing fracterms with Cauchy sequences may be criticised for us-
ing an insufficiently abstract view of fracterms, and in fact a more precise
analogy is given by:

simple fracterm : rational number = Cauchy sequence : real number

5.1 Fracterm permissive division convention

Working with division notation may be done on the basis of various dis-
parate conventions. Fracterm permissive conventions allow the use of any
fracterm without being worried about the existence of a proper denotation
of the fracterm at hand. Fracterm restrictive division conventions, how-
ever, will impose or suggest limitations on the usage of fracterms. Below
we briefly discuss three fracterm permissive division conventions.

5.2 Common division convention

Upon adopting all fracterms, including say 1
0
, as first class citizens, taking

a position towards fracterms like 1
0
can hardly be avoided. The proposi-

tion that division by zero produces ⊥ has advantages and disadvantages
which can only be fully and conclusively appreciated on the basis of fu-
ture work. We propose to use the label common division convention for
an approach to elementary arithmetic in which fracterms play a central
role and in which division is made total and is understood as common di-
vision. We hold that the common division convention merits a thorough
investigation concerning its advantages and deficiencies. The common di-
vision paradigm can only be successful in the long run if it proves helpful
for the development of educational practice concerning elementary arith-
metic, which in turn is unlikely to happen unless the common division
convention proves to be helpful for the practical understanding of elemen-
tary arithmetic. All of this remains to be seen.

5.3 Suppes-Ono division convention

A first alternative to the common division paradigm is what we will call
the Suppes-Ono convention, a paradigm which incorporates the convic-
tion that adopting 1

0
= 0 is helpful for an understanding of elementary

arithmetic. Neither Suppes in [25] nor Ono in [24] have made a case that
said conventionm would be a good idea. Suppes is in [25] rather sceptical
about the prospects that 1

0
= 0 will acquire wide-spread acceptance in

mathematical circles. For further comments on [25] we refer to [2].
Besides a Suppes-Ono paradigm there is also a Suppes-Ono technique,

which consists of adopting Suppes-Ono division for specialized technical
work, as for instance is done with the design of proof checking software.
The critical point regarding terminology is that one may very well use the
Suppes-Ono technique while rejecting the Suppes-Ono convention.

5.4 Transarithmetic convention

We propose to label with transarithmetic convention the view that adopt-
ing transarithmetic (i.e. working with transmath division so that 1

0
=
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+∞) will be valuable as an approach to elementary arithmetic. James
Anderson endorses the transarithmetic paradigm as based on a sequence
of papers including [1]. Besides a transaritmetic paradigm one may dis-
cern a transarithmetic technique which merely consists of making use of
adopting 1

0
= +∞ for specialised practical applications, such as for in-

stance the analysis of designs for fixed point systems and floating point
systems of computer arithmetic.

6 Peripheral numbers for infinity

By adopting 1
0

= ⊥ it is necessarily rejected at the same time that
1
0
= +∞ (positive signed infinity) or 1

0
= ∞ (unsigned infinity). Notwith-

standing the potential virtue of the latter assumptions in various applica-
tions, by adopting 1

0
= ⊥ as a suggested convention for fairly general use,

the status of peripherals for infinity such as ∞ (as for wheels) and ±∞
(as for transrationals) is made less prominent.

One may ask which account of peripherals for expressing intuitions
about infinity fits common division. We find that at least three notions of
signed infinity come to mind upon having adopted common division. We
devote some comments to each of these options.

6.1 Positive and negative CM-infinity

CM-infinity, a shorthand for common meadow infinity, works as follows.
A function s is adopted which delivers the sign of a number: s(x) = 0
for x = 0, s(x) = 1 for positive x and s(x) = −1 for negative x, further
s(⊥) = ⊥. Now ∞ stands for positive CM-infinity and −∞ stands for
negative CM-infinity. Key properties of positive and negative infinity are
listed in Table 1.

In the presence of CM-infinities fracterm flattening works well, a fact
which is in notable contrast with all proposals for infinite peripherals we
have seen in the literature thus far.

6.2 Positive and negative TCM-infinity

Trans-CM-infinity, a shorthand for trans-common meadow infinity, works
as follows. TCM-infinities are more like transrational infinities than CM
infinities. Again function s is adopted as before.

Now ∞tr stands for positive TCM-infinity and −∞tr stands for neg-
ative TCM-infinity. Key properties of positive and negative infinity are
listed in Table 1.

In the presence of TCM-infinities fracterm flattening fails.

6.3 Symmetric transrationals

The model of symmetric transrationals of [16] constitutes an enlargement
of common signed meadows. We refer for detail on this matter to [16].
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−∞ = (−1) · ∞ (1)

0 · ∞ = ⊥ (2)

∞+∞ = ∞ (3)
x

∞
= ⊥ (4)

x

−∞
= ⊥ (5)

s(∞) = 1 (6)

s(−∞) = −1 (7)

∞+
n

m
= ∞ n,m integer numerals with m ̸= 0 (8)

x · ∞ = s(x) · ∞ (9)

Table 1: Properties of CM infinities

−∞tr = (−1) · ∞tr (10)

0 · ∞tr = ⊥ (11)

∞tr +∞tr = ∞tr (12)
x

∞tr
= 0 (13)

x

−∞tr
= 0 (14)

s(∞tr) = 1 (15)

s(−∞tr) = −1 (16)

∞tr +
n

m
= ∞tr n,m integer numerals with m ̸= 0 (17)

x · ∞tr = s(x) · ∞tr (18)

Table 2: Properties of TCM infinities
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7 Concluding remarks

As a conclusion of this paper we find that there is a case to be made
for developing a practical understanding of elementary arithmetic on the
basis of common division and the adoption of an explicit notation for an
error, cast as a peripheral number. Such work may provide an assessment
of the common division paradigm.

We consider it to be a significant additional advantage, shared with
the other options for understanding division by zero by totalising division,
that expressions like 1

0
qualify as fracterms without hesitation, so that

syntax and semantics can be understood in a more modular manner than
is usual in today’s approaches to elementary arithmetic.

Moreover we expect that there is significant merit in adopting software
science based notions of failure, error and fault in the explanation of ele-
mentary arithmetic, because, as we see, arithmetic is just as much about
reasoning as it is about measurement, quantification and calculation.
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[5] Avižienzis, A. Laprie, J.C., Randell, B. Fundamental concepts of
dependability. In Workshop on Robot Dependability: Technologi-
cal Challenge of Dependable Robots in Human Environments, Seoul
(2001).
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